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ABSTRACT

Nine mathematical models were compared for their
ability to predict daily milk yields (n = 294,986) in stan-
dard 305-d and extended lactations of dairy cows of
Costa Rica. Lactations were classified by parity (first
and later), lactation length (9 to 10, 11 to 12, 13 to 14,
15 to 16, and 16 to 17 mo), and calving to conception
interval (1 to 2, 3 to 4, 5 to 6, 7 to 8, and 9 to 10 mo).
Of the nine models, the diphasic model and lactation
persistency model resulted in the best goodness of fit
as measured by adjusted coefficient of determination,
residual standard deviation, and Durbin-Watson coef-
ficient. All other models showed less accuracy and posi-
tively correlated residuals. In extended lactations, mod-
els were also fitted using only test-day records before
305 d, which resulted in a different ranking. The dipha-
sic model showed the best prediction of milk yield in
standard and extended lactations. We concluded that
the diphasic model provided accurate estimates of milk
yield for standard and extended lactations. Interpreta-
tion of parameters deserves further attention because
of the large variation observed. As expected, the calving
to conception interval was found to have a negative
effect on milk yield for cows with a standard lactation
length. In extended lactations, these negative effects of
pregnancy on milk yield were not observed.
(Key words: extended lactations, lactation curves,
dairy cattle, milk yield)

Abbreviation key: CC = calving to conception, DW =
Durbin-Watson, LPM = lactation persistency model,
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MAD = mean absolute deviation, RLPM = reduced lac-
tation persistency model, RSD = residual standard de-
viation, RSS = residual sum of squares, UNA = Uni-
versidad Nacional de Costa Rica.

INTRODUCTION

Modeling of lactation curves has been a subject of
extensive study during the past decade (2, 9, 10, 12,
16, 19, 26, 27). Different models have been evaluated
for their ability to describe the pattern of milk yield as
well as the ability to predict 305-d cumulative milk
yield from partial records of lactation. Attention has
focused on the 305-d lactation period, which implies
that information collected after 305 d is usually ignored
and that no attention is paid to milk yield in the period
after 305-d in extended lactations. In most countries,
many cows have lactations that are longer than 305 d.
For example, in dairy herds of Costa Rica, more than
25% of cows are dried-off after 330 d of lactation, the
average lactation length being about 328 d. Longer lac-
tations partly result from failures to conceive at an
early stage of lactation. Costs of prolonged calving inter-
val have been demonstrated to greatly depend on milk
yield in the latter part of lactation (6). This production
depends on increase in lactation length and shape of
lactation curve. Knowledge of lactation curves over the
entire trajectory is a key element in determining opti-
mum strategies for insemination and replacement of
dairy cows (4, 5, 8, 21). An earlier study (9) has shown
that lactation length has a significant effect on esti-
mates of initial yield, peak yield, 305-d yield, time of
peak and persistency. However, this analysis consid-
ered only lactation lengths less than 360 d.

Models to describe lactation have been classified into
two main groups, i.e., as linear and nonlinear models
(11). In linear models, parameters are linear functions
of days in lactation or transformation of and can be
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Table 1. General description of the dataset.

Herds 129
Cows 7608
Lactations 13,752
First lactations 3573
Test-day records 294,986
Records/lactation 21.5 ± 12.9
Daily milk yield (kg) 19.6 ± 8.6
Lactation length (d) 328 ± 61.4

easily computed by simple linear regression techniques.
Nonlinear models cannot be expressed as linear func-
tions of parameters and, therefore, need iterative tech-
niques to be solved (11). These models have become
more popular during recent years (2, 12, 16, 19, 26, 27),
especially because they are able to describe a relatively
wide range of shapes in lactation curves. Iterative pro-
cedures for fitting nonlinear regression implemented
in statistical software have overcome the problem of
model fitting. Many existing models show systematic
deviations from actual milk yield, especially at the be-
ginning and end of lactation (9). Multiphasic models
have been suggested as an option to overcome these
problems (9). These models were previously imple-
mented with success to describe growth curves in mice
and chickens and, more recently, to describe standard
lactations in dairy cows (3, 20). Multiphasic model con-
siders daily milk yield as the result of an accumulation
from more than one phase of lactation, intrinsically
reducing correlation between subsequent residuals.

The objective of this study was to compare existing
models for their ability to provide consistent predictors
of partial and total milk yield in normal and extended
lactations and to subsequently analyze effect of lacta-
tion length and calving to conception (CC) interval on
the lactation curve.

MATERIALS AND METHODS

Data Source

The analysis was performed on data provided by Uni-
versidad Nacional de Costa Rica (UNA) collected from
1987 to 1994 on dairy farms in Costa Rica. Farms partic-
ipated in a project that focused on collection and analy-
sis of data on health, milk yield, and reproduction per-
formance to provide management support to farmers
and to identify adequate management practices (7). Re-
productive events, daily milk yield, and herd character-
istics were entered into an improved version of VAMPP
software package (14) by staff of UNA or directly by
farmers.

The initial dataset consisted of 57,359 lactations of
26,072 cows. A subset of lactations was selected (Table
1), which included only Holstein cows with dates regis-
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tered for conception and drying-off. Furthermore, each
cow was required to have at least one test-day record
in each of the following four periods: 1 to 60, 61 to 150,
151 to 240, and after 240 d in lactation. All test-day
records between d 305 and the actual end of lactation
were included in the analysis.

Our main interest was to find a model that provided
a good description of the lactation curve for groups of
cows with a range of lactation lengths and CC intervals.
The results will be used in a bio-economic model to
determine optimum insemination strategies. Given this
objective, models were fitted to group mean yields
rather than to individual lactations. Lactations were
classified in two groups according to parity (first and
later), five groups according to lactation length (9 to 10,
11 to 12, 13 to 14, 15 to 16, and 17 to 18 mo), and
five groups according to CC interval during current
lactation (1 to 2, 3 to 4, 5 to 6, 7 to 8, and 9 to 10 mo).
Out of 50 possible groups (2 × 5 × 5), only those with
more than 1000 test-day records were chosen for further
analysis, which resulted in a total of 26 groups (Table 2).

The number of test-day records per group was highly
variable because some combinations of lactation length
and CC interval were less likely to occur. Test-day rec-
ords within groups were classified in 2-wk periods, and
for each 2-wk period, average DIM and milk yields were
obtained and used in model fitting.

Model Fitting

Nine different models from the literature were ana-
lyzed (Table 3). The Wood model (27) is a gamma func-
tion, in which a approximates the initial milk yield after
calving, b is the inclining slope parameter up to peak
yield, and c is the declining slope parameter. The Cobby
model (2) has the particularity that milk yield after
peak is modeled as a linear decline function. The Rook
model (16) describes lactation as a combination of a
monotonically increasing growth function, in this case
the Mistcherlich function, and a monotonically decreas-
ing death function, which in this case is exponential.
The Morant model (12) assumes that the change in
milk yield after peak is not constant as implied in the
exponential decline function (e–kt). Wilmink model (26)
is a modification of Cobby, and –0.05 is related to the
moment of peak, which is about 50 d. Models based on
the logistic function, such as the monophasic (9) and
diphasic (9), were introduced to overcome problem of
autocorrelation detected in models based on the gamma
function. These models provided smaller and more ran-
dom residuals (9). The lactation persistency model
(LPM) (10) is also based on a logistic function. The
LPM was developed to provide additional parameters
to measure persistency, which is defined as number of
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Table 2. Means, SD, and extreme values (Min. and Max.) for milk yield by parity, lactation length, and
calving to conception interval (CC).

Milk yield (kg/d)

Lactation length (mo)1 CC (mo)2 Mean n SD Min. Max.

First parity
10 2 17.5 9706 3.9 8.0 21.8
10 4 18.2 17,502 3.4 9.8 22.1
10 6 13.6 1035 2.8 6.4 17.4
12 4 17.4 16,297 4.1 7.6 22.2
12 6 17.2 9129 3.5 8.7 21.7
12 8 13.7 1444 3.9 4.6 18.6
14 6 17.1 6973 3.7 8.9 21.9
14 8 14.6 4492 3.3 7.4 19.2
14 10 12.7 1834 3.4 6.4 17.6
16 8 16.6 2803 4.2 7.0 22.3
16 10 16.2 4136 3.8 7.7 21.8
18 10 15.6 5013 3.2 9.5 20.4

Later parities
10 2 19.6 21,983 6.1 7.5 27.1
10 4 20.5 53,723 5.8 8.9 27.6
10 6 16.8 5363 5.7 5.8 24.2
10 8 14.9 1401 5.1 5.6 21.9
12 4 20.2 39,565 6.7 8.1 29.0
12 6 19.7 29,624 6.2 8.1 28.1
12 8 17.1 4972 6.0 5.9 26.0
12 10 15.4 1929 5.7 6.5 24.0
14 6 19.3 13,912 6.4 7.3 28.3
14 8 19.0 15,348 6.4 8.3 28.8
14 10 15.7 5143 5.6 6.4 24.5
16 8 19.1 5123 6.0 9.0 28.3
16 10 17.6 8057 6.0 7.9 27.1
18 10 17.7 8479 6.2 8.8 28.0

1Lactation length classes: 10 = 9 and 10 mo, 12 = 11 and 12 mo, 14 = 13 and 14 mo, 16 = 15 and 16 mo,
and 18 = 17 and 18 mo.

2Calving to conception interval classes: 2 = 1 and 2 mo, 4 = 3 and 4 mo, 6 = 5 and 6 mo, 8 = 7 and 8 mo,
and 10 = 9 and 10 mo.

days during which peak production is maintained. The
reduced LPM (RLPM) (10) is based on LPM, but the
number of parameters is reduced from six to four.

Models were fitted to group mean yields by using a
Gauss-Newton iterative method from the SAS software
nonlinear regression NLIN procedure (18). Conver-
gence was determined based on change (c) in residual

Table 3. Description of models under analysis.

Name Source Equation

Wood Wood (27) a × tb × e−c × t

Cobby Cobby & Le Du (2) a − t × b − a × e(−c × t)

Wilmink Wilmink (26) a + t × b + c × et × −0.05

Morant Morant and Gnanasakthy (12) a × e(b1 × t̀2/2 + b2/t − c × (1 + t̀/2) × t̀), with t̀ = (t − 21.4)/100
Rook Rook et al. (16) a × (1 − b1 × e−b2 × t) × e−c × t

Monophasic Grossman and Koops (9) a × b (1 − tanh2(b × (t − c))
Diphasic Grossman and Koops (9) a1 × b (1 − tanh2(b1 × (t − c1)) + a2 × b2 × (1 − tan2(b2 × (t − c2))
LPM1 Grossman et al. (10) yp + b1 × (t − t1) + r1 × (b2 − b1) × ln((et/r1 + et1/r1)/(1 + et1/r1))

+ r2 × (b3 − b2) × ln((et/r2 + e(t1 + P)/r2)/(1 + e(t1 + P)/r2)) + r3 × (b4 − b3)
× ln((e(t/r3) + e(t3/r3))/(1 + e(t3/r3)))

RLPM2 Grossman et al. (10) yp/t1 × t − yp/t1 × ln((et + et1)/(1 + et1 + b3 × ln((et + et1 + P)/(1 + et1 + P))

1Lactation persistency model—extended.
2Reduced lactation persistency model.
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sums of squares (RSS) between iteration i and iteration
(i – 1) according to:

(RSSi–1 – RSSi)/(RSSi + 10–6) = c [1]

if c < 10–8, converging criterion is met, and iteration
process stops.
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Goodness of fit of models was evaluated according to
following criteria:
1. Adjusted multiple coefficient of determination
[R2

adj, (13)]:

R2
adj = 1 – (n – 1)/(n – p) × (1 – R2) [2]

where, R2 = multiple coefficient of determination (=1 –
(RSS/TSS)), RSS = residual sum of squares, TSS = total
sum of squares, n = number of observations, and p =
number of parameters in the model.

Note that R2 is adjusted for the number of parameters
in the model (p) to make a fair comparison of models.
For simplicity, R2

adj will be regarded only as R2.
2. First-order positive autocorrelation among residuals
was assessed by Durbin-Watson coefficient [DW; (13)]:

DW =
∑
n

t=2

(et – et–1)2

∑
n

t=1

e2
t

[3]

where et = residual at time t, and et–1 = residual at time
t–1. The observed value of DW was evaluated against
the tabulated critical value to test for positive autocor-
relation. Negative autocorrelation was not tested be-
cause a negative autocorrelation coefficient implies that
residuals fluctuate in a strict “up and down” way around
the actual curve, which in the particular case of lacta-
tion curves was not a problem.
3. Residual standard deviation [RSD; (13)] was ob-
tained by

RSD = √ RSS/(n – p) [4]

For RSS, n and p, see Equation [2].
Models were categorized based on estimates of three

criteria: RSD, adjusted R2, and DW. Four categories
were formed, two for models deviating less than one (‘+’
and ‘–’) SD from the mean of one criterion and two for
models deviating more than one SD (‘++’ and ‘--’) where
SD represents standard deviation across groups for
each of three criteria within model.

Mean absolute deviation (MAD) across groups for
partial and total milk yield was compared among mod-
els. The absolute difference between actual and pre-
dicted milk yield during the specified periods was calcu-
lated, and averaging these values over all groups re-
sulted in MAD. Partial yields were calculated for
periods 1 to 100 d, 101 to 200 d, 201 to 305 d, and 306
d to end of lactation. Lactation length was set to 305 d
(10 mo), 365 d (12 mo), 425 d (14 mo), 486 d (16 mo),
and 547 d (18 mo).

Journal of Dairy Science Vol. 83, No. 6, 2000

Actual daily milk yields within groups were calcu-
lated by smoothing actual milk yields with cubic splines
(25) to interpolate actual records in different intervals
within lactation. A maximum of 10 splines-knots, ac-
cording to lactation length, were set at d 50, 100, 150,
200, 250, 305, 365, 425, 486, and 547. This procedure
implied that a different cubic spline was fitted for every
interval defined by the knots. Splines were required
to have continuous first and second derivatives and
discontinuous third derivatives.

Partial and total actual milk yields within lactation
were further estimated by

MYi–n = ∑
n

t=1

y(t) [5]

where MYi–n = milk yield, i = initial day within time
period (1 or 101 or 201 or 306), n = final day within
time period (100, 200, or 305) or end of lactation (365,
425, 486, or 547), and y(t) = yield at day t estimated by
a spline function (piecewise cubic polynomial with 6 to
10 knots).

Predicted milk yields within group were also obtained
for every model using Equation [5] with substitution of
y(t) by the corresponding model equation (Table 3).

The model with best overall performance according
to previous criteria was selected, and residuals were
plotted for all groups. Additional measures of functions
of parameters were obtained to evaluate effect of lacta-
tion length, CC interval, and parity on parameters of
the model and estimates of milk yield.

RESULTS AND DISCUSSION

Comparison of Models

All models, except that of Rook et al. (16), achieved
convergence for every lactation group. The Rook model
failed to achieve convergence in 3 of the 26 groups.
Problems with convergence for this model have also
been mentioned previously (15). Values of adjusted R2,
RSD, and DW coefficient for each model were averaged
over the 26 groups (Table 4). Goodness of fit was high
in general, R2 ranged between 0.957 and 0.987, and
RSD ranged from 0.42 to 0.87 kg/d. This high level of
accuracy has also been reported in previous studies
fitting models on mean yields (1, 17). For all but two
models, values for DW were less than 1, which indicated
positive autocorrelation of residuals for the majority
of models.

The greatest R2 values were found for the diphasic
model and LPM, whereas the Wood model ranked low-
est (Table 4). Similar ranking was found for RSD. In
this case, LPM had, on average, a lower value of RSD
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Table 4. Comparison of models according to adjusted multiple correlation coefficient (R2), residual standard
deviation (RSD), and Durbin-Watson coefficient (DW) (mean ± SD between groups).

Cases
Model R2 Rank RSD Rank DW Rank DW > 01

Wood 0.957 ± 0.03 -- 0.87 ± 0.22 -- 0.56 ± 0.27 -- 23
Cobby 0.961 ± 0.04 - 0.78 ± 0.28 - 0.90 ± 0.48 - 15
Wilmink 0.968 ± 0.03 - 0.70 ± 0.22 - 0.81 ± 0.46 - 17
Morant 0.973 ± 0.02 + 0.66 ± 0.17 + 0.86 ± 0.42 - 16
Rook 0.961 ± 0.03 - 0.83 ± 0.19 - 0.74 ± 0.27 - 17
Monophasic 0.965 ± 0.02 - 0.80 ± 0.16 - 0.91 ± 0.29 - 16
Diphasic 0.987 ± 0.01 ++ 0.48 ± 0.13 ++ 1.74 ± 0.44 ++ 1
LPM2 0.985 ± 0.03 ++ 0.42 ± 0.26 ++ 1.79 ± 0.60 ++ 2
RLPM3 0.969 ± 0.03 - 0.69 ± 0.22 + 0.85 ± 0.48 - 15
Average 0.969 ± 0.01 0.69 ± 0.15 1.02 ± 0.44

1Number of runs (of 26) with significant positive autocorrelation.
2Lactation persistency model—extended.
3Reduced lactation persistency model.

than diphasic; however, RSD values obtained for the
latter showed a lower standard deviation (0.13 vs. 0.26),
which reflects a better performance across groups.

Positive autocorrelation between residuals was de-
tected in all models except diphasic and LPM. Other
models presented problems of positive autocorrelation
among residuals for more than half of the groups (Table
4). Problems with positive autocorrelation have already
been reported for the Wood and monophasic models (9).
Absence of autocorrelation for the diphasic model is in
agreement with Grossman and Koops (9) for standard
305-d lactations.

Additional analysis was performed to check parame-
ter estimates for stability across groups. Results indi-
cated that LPM, even though with a high general good-
ness of fit, often resulted in atypical parameters, e.g.,
negative values for parameter P (persistency). All other
models seemed to provide more reasonable estimates
of parameters, even though they also presented a
wide variation.

Table 5 shows MAD for different periods and models.
Models with low MAD were ranked at the top (++).
Predictive performance for most models was highly
variable for different periods within lactation. Models
with a consistently good performance over all periods
were diphasic and LPM, which is in agreement with
earlier results on standard 305-d lactations (20). The
LPM was more accurate than diphasic for 1 to 100 d
and 201 to 305 d, whereas diphasic was more accurate
for 101 to 200 d and 306 d to the end of lactation. All
other models performed irregularly, ranking poorly for
one or more stages within lactation, which reinforces
the fact that exponential models usually fail to model
peak of lactation (9, 20). It is important to notice that
differences in accuracy of prediction between LPM and
diphasic compared with other models is especially large
for last period of lactation (305 d to end). For this period,
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only diphasic, LPM, and Morant models rank positively.
This finding reflects that multiphasic models are intrin-
sically more suitable to describe extended lactations.

Further analysis showed that standard deviations of
MAD across groups were, in general, higher for LPM
compared with the diphasic model (Table 5). This result
might also be related to the lack of stability observed for
estimates of parameters using LPM model and might
indicate a serious drawback of LPM compared with the
diphasic model.

Analysis of predicted milk yield using diphasic curves
showed some systematic deviations with respect to ac-
tual milk yield. For 1 to 100 d all models, except diphasic
and that of Wilmink, underestimated milk yield; for
101 to 200 d all models, except the Cobby and diphasic,
overestimated milk yield. For 201 to 305 d all models
except diphasic and LPM underestimated milk yield.
For the final period (306 d to end) all models, except
diphasic and LPM overestimated milk yield.

In extended lactations, an additional comparison of
models was also performed, eliminating all test-day rec-
ords after 305 d. Models were fitted again to group
mean yields. As expected, R2 were higher and RSD
lower, in general, because of reduction in length of lacta-
tions. One important result was that the frequency of
cases in which a positive autocorrelation was detected
was reduced considerably (29 vs. 122). By considering
only 305-d lactations the ranking of models based on
MAD changed (results not shown). For 101 to 200 d
and 201 to 305 d, diphasic and LPM were still better
than the others, but relative differences were reduced
substantially. For 1 to 100 d, the top 5 models were Rook
(31.1), LPM (34.5), Wilmink (34.6), diphasic (36.3), and
Wood (41.6), all of which scored +. The results of our
model comparison, based on standard 305-d lactations,
are very similar to earlier findings (20). From our analy-
sis, it is clear that models that are suitable to describe
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Table 5. Comparison of models according to mean absolute deviation (MAD)1 in different parts of the lactation.2

1 to 100 d 101 to 200 d 201 to 305 d 306 d to end of lactation

Model MAD (kg) Rank MAD (kg) Rank MAD (kg) Rank MAD (kg) Rank

Wood 45.8 ± 14.9 + 42.7 ± 15.0 - 80.7 ± 41.0 -- 115.9 ± 56.8 --
Cobby 100.0 ± 18.9 -- 33.6 ± 18.7 + 66.8 ± 43.2 - 93.3 ± 59.0 -
Wilmink 38.2 ± 21.1 + 33.9 ± 12.8 + 63.4 ± 39.9 - 88.0 ± 57.9 -
Morant 58.2 ± 12.3 + 38.1 ± 16.1 - 53.3 ± 31.8 + 84.1 ± 47.2 -
Rook 61.0 ± 19.2 + 42.8 ± 15.9 - 68.1 ± 36.5 - 101.0 ± 54.7 -
Monophasic 85.5 ± 26.8 - 43.9 ± 14.9 -- 54.3 ± 31.8 + 82.1 ± 47.2 +
Diphasic 46.1 ± 27.5 + 17.7 ± 8.2 ++ 26.8 ± 17.0 ++ 43.2 ± 28.2 ++
LPM3 36.1 ± 30.5 ++ 18.3 ± 21.8 ++ 22.6 ± 16.5 ++ 50.4 ± 59.4 ++
RLPM4 118.5 ± 21.6 -- 36.7 ± 19.0 - 60.1 ± 36.7 - 86.0 ± 56.2 -
Average MAD 65.5 ± 29.2 34.2 ± 9.9 55.1 ± 19.1 82.7 ± 22.9

1MAD is calculated as the sum of daily absolute deviations (predicted − actual milk yield) for the period specified.
2Ranks are given according to relative performance by standardizing the criteria according to average MAD across groups.
3Lactation persistency model—extended.
4Reduced lactation persistency model.

standard 305-d lactations are not necessarily adequate
to describe extended lactations.

In summary, the diphasic model was found to best
describe normal and extended lactations, showing a
high R2, low RSD, uncorrelated errors according to DW
test, more regular estimates of parameters for almost
every group, and a similar performance along the whole
lactation period. More detailed information on this
model is given in next section.

Final Model

Estimates of residuals using the diphasic model were
plotted for all groups of lactation length and CC interval
within first parity (Figure 1). In general, residuals were
randomly distributed. Residuals ranged between –1.5
and 1.5 kg/d. Significant positive autocorrelation was
detected only for higher parity cows with a lactation
length of 18 mo (Table 6). For this group, the model
had problems in fitting the two phases, which resulted
in inconsistent parameter estimates. A similar problem
was found among first lactation cows with long lac-
tations.

Estimated parameters for the diphasic model are
given in Table 6. Values still showed a wide range of
variation, which suggests that the shape of the curve
greatly depends on lactation length, parity, and CC
interval. Grossman and Koops (9) introduced the pa-
rameter duration of each phase, defined as days re-
quired to attain about 75% of asymptotic total yield
during that phase and computed as 2b–1

i . For 305-d
lactations of Dutch Black and White cows, they found
duration of 198 and 415 d for the first and second
phases, respectively. This finding agrees closely with
our findings for cows with a lactation length of 12 mo.
Duration of the second phase increased with lactation
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length and, to a much lesser extent, with CC interval.
Duration of the first phase showed a different pattern
in first and second lactation cows.

Based on criteria to measure goodness of fit, it can
be concluded that the applied multiphasic concept for
describing lactation also works well with extended lac-
tations. However, parameters of the model still fluctu-
ate too much with lactation length and, to a lesser ex-
tent, with CC interval. This fluctuation seriously limits
application of the model and might be partly due to
the choice of the logistic function, which is symmetric.
Problems observed with very long lactations (Table 6)
are likely caused by the symmetric nature of the applied
function. Use of a nonsymmetric function, such as the
Weibull model, could solve this problem. A second alter-
native would be to extend the number of phases of the
model, which would be difficult to justify from a biologi-
cal point of view. Finally, one could try to restrict some
of the parameters to achieve more stable values for
some of the parameters. For example, one might want
to restrict duration of first peak. Results of this study
might serve as a starting point for improving interpre-
tation of parameters.

For cows with a 10-mo lactation, lactation curves with
a CC interval of 2 and 4 mo showed a similar pattern
(Figure 2a). Nevertheless, it could be observed that
cows with 4-mo CC interval have higher production
during the last part of lactation (after 200 d). The cumu-
lative difference in estimates of 305-d milk yield is
about 4% (Table 6). In previous research (1), pregnancy
had an effect on parameters of the curve related to last
part of the standard 305-d lactation, and a lower milk
yield was found when CC interval was lower. This result
is in line with results found in the present study for 2-
and 4-mo CC. Lactation curves for cows with 6-mo CC
are considerably lower and flatter than the others (Fig-
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ure 2a). This result might be due to the way in which
cows are grouped, i.e. we were looking at cows with a
high CC but a relatively short lactation. In addition,
differences in management strategies between herds
might have influenced our results. For example, cows
with high CC and relatively short lactation might be a
reflection of a poorly managed herd.

For cows with a lactation of 12 mo, the increase in
CC interval from 4 to 6 mo did not cause a major effect
on milk yield (Table 6). On the contrary, when CC in-
creased to 8 mo the curve was significantly lower (Fig-
ure 2b). For cows with longer lactations (14 mo and
higher), the general trend was that milk yield (100 and
305 d) decreased as CC increased. It is certainly difficult
to find a biological explanation for this reduction. The
antagonistic relationship between milk yield and repro-
duction would lead to an increase rather than a de-
crease in milk yield. However, a negative effect of preg-
nancy on milk yield is only expected during the last
part of the gestation period and, consequently, would
only affect 305-d milk yield for cows that get pregnant
during the first 3 mo of lactation (22, 23, 24), as observed
in our study. Within lactation length, we did not find
a negative effect of pregnancy, but we did find it across
lactation lengths. The way data is presented certainly
has an effect on the reduction observed for cows with
large CC intervals. The number of test-day records for
extended lactations or larger CC intervals was much
lower (Table 2), as they were more unlikely to happen.
Cows with specific health conditions or special treat-

Figure 1. Residuals obtained from fitting diphasic model to mean group yields of first parity lactations grouped by length (LL; mo) and
calving to conception interval (CC; mo).
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ments could be included in those groups and could cer-
tainly have an effect on the results. Also, differences in
management strategies between farms might influence
our results. Identification of such cases was not possible
with this data set.

As expected, for cows with a given CC interval milk
yield increased as lactation length increased (Table 6,
Figure 3). Low producing cows with less persistent lac-
tations are likely to be dried off earlier than high pro-
ducing cows with persistent lactations. Consequently,
lactation curves for cows with shorter lactations within
a given CC interval tend to be lower (Figure 3).

Milk yield beyond 305 d for cows with different lacta-
tion lengths and CC intervals was very similar in first
and later parity cows (Table 6). This finding reflects
the effect of a flatter and more persistent lactation curve
during first lactation, which has also been mentioned
in earlier studies (19). Cows with a lactation length of
16 mo produced, on average, 2200 kg of milk after 305
d, which corresponds to as much as 26% of total milk
yield. This finding raises the question of what the effects
are of increased lactation length on lactation revenues.
Economic consequences of a prolonged calving interval
greatly depend on persistency of production and in-
crease in lactation length with an increase in CC inter-
val (6). These factors can be manipulated to some extent
by breeding or feeding strategies. The effect on milk
yield during next lactation must be also taken into ac-
count. Based on data from individual cows we observed
an increase in lactation of 0.62 and 0.56 d for each
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Table 6. Goodness of fit, estimated parameters, and cumulative milk yield predicted with diphasic model for cows with different lactation length (LL), calving to conception
interval (CC), and parity.1

Group Goodness of fit Estimated parameters2 Predicted milk yield (kg)3

First phase Second phase
1 to 100 1 to 305 306 to end

LL (mo) CC (mo) R2 RSD DW a1 b1 c1 DUR1 a2 b2 c2 DUR2 (%) (%) (kg)

First parity
10 2 0.981 0.53 2.36 2091.5 0.0093 46.0 216 1453.8 0.0092 210.3 217 2085 5310 . . .
10 4 0.981 0.47 1.54 2398.5 0.0083 45.2 241 1492.8 0.0088 225.0 226 2 4 . . .
10 6 0.953 0.60 2.20 3011.8 0.0054 30.6 372 564.0 0.0107 230.6 187 −22 −22 . . .
12 4 0.988 0.45 1.89 2420.3 0.0079 43.2 254 1916.3 0.0072 242.7 278 2 8 592
12 6 0.977 0.53 1.36 1086.1 0.0114 33.9 175 3333.5 0.0050 203.7 399 −1 6 670
12 8 0.972 0.65 1.77 2301.9 0.0075 50.6 268 1122.7 0.0083 256.0 241 −15 −14 431
14 6 0.980 0.53 1.17 1799.7 0.0087 36.4 229 3035.7 0.0053 249.1 380 1 9 1369
14 8 0.990 0.33 1.94 1479.0 0.0086 25.9 233 2970.1 0.0045 244.1 443 −12 −7 1222
14 10 0.989 0.35 2.08 2777.0 0.0056 29.7 359 1468.1 0.0055 298.9 361 −19 −17 1014
16 8 0.972 0.71 1.75 3790.6 0.0051 39.3 394 2183.7 0.0055 325.7 363 1 11 2188
16 10 0.985 0.47 1.59 3628.2 0.0053 37.9 376 2203.0 0.0055 340.5 364 −1 6 2219
18 10 0.980 0.44 1.36 −4435.6 0.0045 194.4 441 12,117.8 0.0031 167.0 643 −7 3 3096

Later parities
10 2 0.996 0.37 2.14 2130.8 0.0104 27.9 193 1931.2 0.0082 180.1 243 2575 5940 . . .
10 4 0.996 0.39 2.15 2086.9 0.0105 29.8 191 2180.5 0.0076 184.8 263 2 4 . . .
10 6 0.991 0.52 1.96 2077.0 0.0096 25.6 209 1579.9 0.0077 182.8 260 −11 −14 . . .
10 8 0.994 0.41 2.22 3709.1 0.0056 1.9 359 654.6 0.0077 206.5 261 −21 −24 . . .
12 4 0.997 0.35 1.48 1296.5 0.0124 26.3 161 3694.1 0.0056 163.6 360 7 14 559
12 6 0.996 0.37 1.32 1466.0 0.0112 25.8 179 3621.1 0.0051 173.1 391 4 10 602
12 8 0.993 0.50 1.27 888.6 0.0136 29.5 148 3726.5 0.0046 140.0 437 −6 −4 504
12 10 0.992 0.51 1.90 64.0 0.0501 38.5 40 5287.8 0.0040 48.3 504 −15 −13 426
14 6 0.996 0.43 1.53 2281.4 0.0089 28.2 224 3220.8 0.0052 219.7 382 5 14 1223
14 8 0.995 0.43 1.17 876.3 0.0132 34.4 152 5152.0 0.0039 152.6 510 5 14 1304
14 10 0.995 0.38 2.74 1183.5 0.0100 26.1 200 3981.1 0.0038 163.6 532 −11 −6 1072
16 8 0.993 0.52 1.48 617.2 0.0128 31.6 156 7147.6 0.0030 127.2 665 5 17 2168
16 10 0.995 0.41 2.08 691.7 0.0123 38.2 163 6495.7 0.0030 133.9 666 0 10 2023
18 10 0.979 0.89 0.87 −∞ 8698.4 −∞ 0 16,259.7 0.0018 −135.8 1092 3 16 2928

1RSD = residual standard deviation; DW = Durbin-Watson.
2ai, bi, ci = parameters for phase i (i = 1,2) of diphasic model E(aibi − tanh2(bi(t − ci)); DURi = duration (d) of phase i (2b−1

i ) (9).
3Change in cumulative milk yield of a group for first group (LL = 10 and CC = 2) is given as fraction (%) of milk yield in the first group within parity. Absolute milk yield

(kg) is given for first group. Milk yield beyond 305 d is given in kilograms.
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additional day open in first and later parity cows, re-
spectively. Further research must evaluate the profit-
ability of extended lactations by using the results pro-
duced in the present study. Our findings could also have
implications for the application of test-day models for
the genetic evaluation of milk production; nevertheless,
that is out of the scope of the present study.

CONCLUSION

Our results show that the diphasic model adequately
fits lactations with variable length and variable CC
interval. Accurate estimates of milk yield at later stages
within lactation can be obtained. These results will be
used in a bio-economic model to determine optimum
insemination strategies, taking into account variation
in lactation length between cows. Modifications are
needed to improve consistency of parameters over a

Figure 2. Actual yields vs. diphasic curves for first parity lacta-
tions grouped by calving to conception interval (CC) of cows with (a)
10-mo lactation of (b) 12-mo lactation.

Journal of Dairy Science Vol. 83, No. 6, 2000

Figure 3. Actual yields vs. diphasic curves for first-parity lacta-
tions grouped by lactation length (LL) for cows with (a) 6-mo or (b)
8-mo calving to conception interval.

range of lactation lengths. Ranking of models changed
when standard 305-d records only were analyzed, which
supports the fact that further research is needed on
modeling of extended lactations. As expected, CC inter-
val was found to have a negative effect on milk yield
for cows with a standard (10 mo) lactation length. In
extended lactations, these negative effects of pregnancy
on milk yield are no longer observed.
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